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Abstrat
We onsider the Hirota equation (the disrete analog of the generalized Toda
system) over a nite eld. We present the general algebro-geometri method of
onstrution of solutions of the equation. As an example we onstrut analogs
of the multisoliton solutions for whih the wave funtions and the τ -funtion
an be found using rational funtions. Within the lass of multisoliton solutions
we isolate generalized breather-type solutions whih have no diret ounterparts
in the omplex eld ase.
PACS 2003 numbers: 02.30.Ik, 02.10.-v, 05.45.-a
1 Introdution
Cellular automata are mathematial models of physial systems in whih spae and
time variables are disrete, and physial quantities take only nite number of values
[34℄. In spite of simple formulation they are apable to desribe wide variety of phe-
nomena, for example tra ow, immune systems, ow through porous media, uid
dynamis, ferromagnetism. Due to their ompletely disrete nature ellular automata
are naturally suitable for omputer simulations. However in this eld there are not so
many exat analytial results providing solutions with a given global behavior. The
goal of this paper is to present a general method of onstrution of solutions to the
ellular automaton assoiated with the Hirota equation.
The Hirota equation [18℄, the integrable disretization of the generalized Toda
system [27℄, is one of the most important soliton equations. Its various limits give
rise to variety of integrable equations, moreover it is the basi system for studying
solvable quantum models [21℄.
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Like many other integrable systems the Hirota equation has simple geometri
interpretation. In the paper we will use the following (geometri) form of the Hirota
equation
τm(n1, n2) τm(n1 + 1, n2 + 1) =
τm(n1 + 1, n2) τm(n1, n2 + 1)− τm−1(n1 + 1, n2) τm+1(n1, n2 + 1). (1)
One an desribe it as the equation governing the so alled Laplae sequene of two
dimensional latties of planar quadrilaterals [7, 10℄. This interpretation an be embed-
ded into a more general theory of multidimensional latties of planar quadrilaterals
and their transformations [13, 15, 14, 12℄. It was notied in [8, 9℄ that geometri
onstrutions in the integrable disrete geometry (in partiular, those leading to the
Hirota equation) should work also on the level of nite geometries [19℄, i.e., geometries
over nite elds [24℄. This observation has been developed in the present paper.
The question of onstrution of integrable systems with solutions taking values
in a disrete set (soliton ellular automata) is not new and it was undertaken in a
number of papers, see for example [5, 6, 33, 28℄. In partiular, in paper [5℄ other
Hirota equation (equivalent to the disrete sine-Gordon equation [17℄) is investigated
in the ontext of nite elds.
In the paper we present general method of nding solutions of the Hirota equa-
tion (1) over nite elds by using algebro-geometri methods, standard in a omplex
domain in the soliton theory [22, 3℄. We hange however the eld of denition of the
underlying algebrai urves from the omplex numbers to a nite eld (see also earlier
algebro-geometri papers [16, 29, 2, 32℄ where suh a possibility was onsidered).
It turns out that algebrai geometry over nite elds has beome reently very
important in pratial use, espeially in modern approahes to publi key ryptog-
raphy [20℄ and in the theory of error orreting odes [31℄. With respet to the last
appliation we would like to mention paper [30℄ where dynamis of the nite Toda
moleule (a redution of the Hirota equation) over nite elds was studied from the
point of view of a deoding algorithm.
We do not present here diret onnetion of the objets of the paper with the
integrable disrete geometry over nite elds. This onnetion beomes lear when
approah to the Hirota equation presented here (see also [22℄) is ompared with results
of [1, 11, 12℄, where methods of algebrai geometry over the eld of omplex numbers
have been applied to onstrut integrable geometri latties.
The layout of the paper is as follows. In Setion 2 we present the general algebro-
geometri sheme for onstrution of solutions of the Hirota equation. Setion 3 is
devoted to onstrution of multisoliton solution on an algebrai urve starting from
the vauum solution. Finally, in Setion 4 we give in expliit form solutions of the
Hirota equation for the bakground algebrai urve being the projetive line. In
partiular, we present the mehanism (based on the ation of the Galois group) of
generation of generalized breather-type solutions and we disuss periodiity of the
solutions.
2
2 Solutions of the Hirota equation from algebrai
urves over nite elds
This Setion is motivated by algebro-geometri (over the omplex eld) approah to
the Hirota equation (in a dierent form) [22℄ and by papers [1, 11, 12℄ on appliation
of algebro-geometri methods to integrable disrete geometry. It turns out that basi
ideas of the algebro-geometri approah to soliton theory an be transferred to the
level of integrable systems in nite elds. The notions and results form the theory of
algebrai urves over nite elds whih we use here an be found in [31℄.
Consider an algebrai projetive urve, absolutely irreduible, nonsingular, of
genus g, dened over the nite eld K = Fq with q elements, where q is a power
of a prime integer p. By CK we denote the set of K-rational points of the urve. By
K denote the algebrai losure of K, i.e., K =
⋃∞
ℓ=1 Fqℓ , and by CK denote the or-
responding (innite) set of K-rational points of the urve. The ation of the Galois
group G(K/K) (of automorphisms of K whih are identity on K) extends naturally
to ation on C
K
.
Let us hoose:
1. two pairs of points ai, bi ∈ CK, i = 1, 2,
2. N points cα ∈ CK, α = 1, . . . , N , whih satisfy the followingK-rationality ondition
∀σ ∈ G(K/K), σ(cα) = cα′ ,
3. N pairs of points dβ, eβ ∈ CK, β = 1, . . . , N , whih satisfy the following K-
rationality ondition
∀σ ∈ G(K/K) : σ({dβ, eβ}) = {dβ′, eβ′}, (2)
4. g points fγ ∈ CK, γ = 1, . . . , g, whih satisfy the following K-rationality ondition
∀σ ∈ G(K/K), σ(fγ) = fγ′ ,
5. the innity point h∞ ∈ CK.
Remark. We onsider here only the generi ase and assume that all the points used in
the onstrution are generi and distint. In partiular, generiity assumption implies
that the divisor D =
∑g
γ=1 fγ is non-speial.
Remark. It is enough the hek the K-rationality onditions in any extension eld
L ⊃ K of rationality of all the points used in the onstrution.
Denition 1. Fix K-rational loal parameters ti at bi, i = 1, 2. For any integers
n1, n2, m ∈ Z dene the wave funtion ψ1,m(n1, n2) as a rational funtion with the
following properties
1. it has pole of the order at most n1 +m + 1 at b1 and the pole of order at most
n2 −m at b2,
3
2. its rst nontrivial oeient of the expansion in t1 at b1 is normalized to one,
3. it has zeros of order at least n1 at a1, and of order at least n2 at a2,
4. it has at most simple poles at points cα, α = 1, . . . , N ,
5. it has zero at least of the rst order at the innity point h∞,
6. it has at most simple poles at points fγ , γ = 1, . . . , g,
7. it satises N onstraints
ψ1,m(n1, n2)(dβ) = ψ1,m(n1, n2)(eβ), β = 1, . . . , N. (3)
For the same set of points we dene the wave funtion ψ2,m(n1, n2) as a rational
funtion whih diers from the funtion ψ1,m(n1, n2) only in the properties 1 and 2
12. it has pole of the order at most n1 +m at b1 and it has pole of the order at most
n2 −m+ 1 at b2,
22. its rst nontrivial oeient of the expansion in t2 at b2 is normalized to one.
Remark. The funtions ψi,m(n1, n2) are K-rational, whih follows from K-rationality
onditions of sets of points in their denition.
Remark. As usual, zero (pole) of a negative order means pole (zero) of the orre-
sponding positive order. Correspondingly one should exhange the expressions "at
most" and "at least" in front of the orders of poles and zeros.
Proposition 1. The wave funtions ψi,m(n1, n2) are unique.
Proof. We show this for the rst funtion. By the RiemannRoh theorem the di-
mension (over K) of the divisor
N∑
α=1
cα +
g∑
γ=1
fγ − h∞ − n1a1 − n2a2 + (n1 + 1 +m)b1 + (n2 −m)b2
is equal to N + 1. Under the generiity assumption the N onstraints (3) and the
normalization ondition at b1 remove the freedom.
Corollary 2. In the next setion we show, starting from the wave funtions for N = 0
one an onstrut the funtions for arbitrary N .
Remark. To make subsequent formulas more transparent from now on we will skip
frequently the dependene on the parameters n1, n2.
In the generi ase, whih we assume in the sequel, when the order of the pole
of ψ1,m at b1 is n1 + m + 1 and the order of the pole of ψ2,m at b2 is n1 − m + 1
denote by Q12,m(n1, n2) the rst nontrivial oeient of expansion of ψ1,m at b2, and
by Q21,m(n1, n2) the rst nontrivial oeient of expansion of ψ2,m at b1, i.e.,
ψ1,m =
1
tn2−m2
(Q12,m + . . . ) , ψ2,m =
1
tn1+m1
(Q21,m + . . . ) .
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Remark. The funtions Q12,m and Q21,m take values in the eld K of the denition of
the urve.
Denote by Ti the operator of translation in the variable ni, i = 1, 2, for example
T1ψ2,m(n1, n2) = ψ2,m(n1 + 1, n2).
Proposition 3. The funtion ψ1,m satises equations
T2ψ1,m − ψ1,m = (T2Q12,m)ψ2,m, (4)
ψ1,m+1 − T1ψ1,m = −
T1Q12,m
Q12,m
ψ1,m, (5)
ψ1,m−1 =
1
Q21,m
ψ2,m. (6)
The analogous system for ψ2,m is obtained by exhanging indies 1 with 2 and reversing
the shift in the disrete variable m
T1ψ2,m − ψ2,m = (T1Q21,m)ψ1,m, (7)
ψ2,m−1 − T2ψ2,m = −
T2Q21,m
Q21,m
ψ2,m, (8)
ψ2,m+1 =
1
Q12,m
ψ1,m. (9)
Proof. To prove the rst equation (4) notie that the left hand side has all properties
of the funtion ψ2,m exept of the normalization and must be therefore proportional
to ψ2,m. The oeient of proportionality an be xed omparing expansions at b2.
Other equation an be proved in the same way.
Fix K-rational loal parameters t˜i at ai, i = 1, 2. In the generi ase when the
order of ψi,m at ai is ni by ρi,m(n1, n2) denote rst non-trivial oeients of the
expansion of ψi,m at ai, i.e.,
ψi,m = t˜
ni
i (ρi,m + . . . ) .
Similarly, in the generi ase when the order of ψi,m at aj, j 6= i, is nj by χij,m(n1, n2)
denote the rst non-trivial oeients of the expansion of ψi,m at aj, i.e.,
ψi,m = t˜
ni
j (χij,m + . . . ) , i 6= j.
Proposition 4. There exists a K-valued potential (the τ -funtion) dened (up to a
onstant) by formulas
T1τm = ρ1,mτm, (10)
T2τm = ρ2,mτm, (11)
τm+1 = (−1)
n1+n2Q12,mτm. (12)
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Proof. The rst terms in expansion of equations (4) and (7) at a1 give
T2ρ1,m − ρ1,m = (T2Q12,m)χ21,m,
0− χ21,m = (T1Q21,m)ρ1,
whih ombined together give
T2ρ1,m = (1− (T2Q12,m)(T1Q21,m)) ρ1,m. (13)
Similarly, but hanging the expansion point to a2 we obtain
T1ρ2,m = (1− (T2Q12,m)(T1Q21,m)) ρ2,m.
Both equations imply
(T2ρ1,m)ρ2,m = (T1ρ2,m)ρ1,m,
whih is the ompatibility ondition of equations (10) and (11).
Expansion of equation (5) at a1 gives
ρ1,m+1 = −
T1Q12,m
Q12,m
ρ1,m, (14)
whih is the ompatibility ondition of equations (10) and (12). Finally, by omparing
equations (6) and (9) we obtain
Q21,m+1 =
1
Q12,m
, (15)
whih, ombined with the following onsequene of expansion of (8) at a2
ρ2,m−1 = −
T2Q21,m
Q21,m
ρ2,m,
gives the ompatibility ondition of equations (11) and (12).
Corollary 5. Equation (13) written in terms of the τ -funtion reads
τm T1T2τm = T1τm T2τm − T1τm−1 T2τm+1, (16)
whih is the Hirota equation [18℄.
Corollary 6. Compatibility ondition of equations (13) and (14) written in terms of
the funtion Q12,m reads
T1T2Q12,m
T2Q12,m
−
T1Q12,m
Q12,m
=
T1T2Q12,m
T1Q12,m−1
−
T2Q12,m+1
Q12,m
. (17)
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3 Constrution of solutions using vauum funtions
Results of this Setion were motivated by papers on the fundamental transformation
of quadrilateral latties in a vetorial formulation [26, 15, 25℄ and on the algebro-
geometri interpretation of this transformation [11, 12℄.
In the ase N = 0 let us add supersript 0 to all funtions dened above and all
them the vauum funtions. The funtions for arbitrary N an be onstruted with
the help of N new funtions, whih we dene below.
Denition 2. Fix loal parameters tα at cα, α = 1, . . . , N . For any α dene the
funtion φ0α,m by the following onditions:
1. it has pole of the order at most n1 +m at b1 and the pole of order at most n2−m
at b2,
2 it has zeros of order at least n1 at a1, and of order at least n2 at a2,
3. it has at most simple pole at the point cα and the rst nontrivial oeient of the
expansion in tα at cα is normalized to one,
4. it has zero at least of the rst order at the innity point h∞,
5. it has at most simple poles at points fγ , γ = 1, . . . , g.
Remark. The funtion φ0α,m is unique but usually it is not K-rational.
Lemma 7. Denote by ψ0i,m(d, e), i = 1, 2, the olumn with N entries of the form
[
ψ0i,m(d, e)
]
β
= ψ0i,m(dβ)− ψ
0
i,m(eβ), β = 1, . . . , N,
denote by φ0
A,m the row with N entries
[
φ0
A,m
]
α
= φ0α,m, α = 1, . . . , N,
and denote by φ0
A,m(d, e) the N ×N matrix whose element in row α and olumn β is
[
φ0
A,m(d, e)
]
αβ
= φ0α,m(dβ)− φ
0
α,m(eβ), α, β = 1, . . . , N.
Then the wave funtions ψi,m read
ψi,m = ψ
0
i,m − φ
0
A,m[φ
0
A,m(d, e)]
−1ψ0i,m(d, e). (18)
Proof. Denote the right hand side of equation (18) by ψ̂0i,m. By building the olumn
ψ̂0i,m(d, e) with N entries of the form ψ̂
0
i,m(dβ) − ψ̂
0
i,m(eβ) we an easily show that
ψ̂0i,m(d, e) = 0. This demonstrates that the funtion ψ̂
0
i,m satises onstraints (3).
One an hek hek that ψ̂0i,m satises also other properties whih dene uniquely
the funtion ψi,m.
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In the generi ase denote by H0i,α,m the rst nontrivial oeient of expansion of
the funtion φ0α,m in the uniformization parameter ti at bi, for example,
φ0α,m =
1
tn1+m1
(
H01,α,m + . . .
)
.
Lemma 8. The orresponding expressions for Qij,m, i 6= j, and for ρi,m read
Qij,m = Q
0
ij,m −H
0
j,A,m[φ
0
A,m(d, e)]
−1ψ0i,m(d, e), i 6= j, (19)
ρi,m = ρ
0
i,m
(
1 + (TiH
0
i,A,m)[φ
0
A,m(d, e)]
−1ψ0i,m(d, e)
)
, (20)
where H0i,A,m is the row with N entries H
0
i,α,m.
Proof. Beause equation (19) an be obtained by expansion of formula (18) at bj ,
only equation (20) needs an explanation. Notie rst equation
Tiφ
0
α,m − φ
0
α,m = (TiH
0
i,α,m)ψ
0
i,m, (21)
whih an be shown in the same way like equations of Proposition 3. Denote by F 0i,α,m
the rst nontrivial oeient of expansion of φ0α,m at ai, for example
φ0α,m =
1
t˜n11
(
F 01,α,m + . . .
)
.
Expansion of equation (18) at ai gives
ρ0i,m(TiH
0
i,α,m) = −F
0
i,α,m,
whih onludes the proof.
We will use the following result, whih an be proven by indution with respet
to the dimension of the vetor spae V.
Lemma 9. Given u ∈ V and v∗ ∈ V∗, if 1V is the identity operator on V then
det(1V + u⊗ v
∗) = 1 + 〈v∗,u〉.
Proposition 10. Using the above notation the τ -funtion an be onstruted by the
following formula
τm = τ
0
m detφ
0
A,m(d, e). (22)
Proof. Notie that equation (21) implies
[φ0
A,m(d, e)]
−1Tiφ
0
A,m(d, e) = 1KN +
(
[φ0
A,m(d, e)]
−1ψ0i,m(d, e)
)
⊗ (TiH
0
i,A,m),
whih gives, by Lemma 9,
det Tiφ
0
A,m(d, e)
detφ0
A,m(d, e)
= 1 + (TiH
0
i,A,m)[φ
0
A,m(d, e)]
−1ψ0i,m(d, e). (23)
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Comparing equation (23) with equation (20) and taking into aount equations (10)-
(11) we obtain
det Tiφ
0
A,m(d, e)
detφ0
A,m(d, e)
=
Tiτm/Tiτ
0
m
τm/τ 0m
. (24)
Notie the following equation
φ0α,m+1 − φ
0
α,m = −
H02,α,m
Q012,m
ψ01,m,
whih an be shown in the same way like equations of Proposition 3. It implies that
[φ0
A,m(d, e)]
−1φ0
A,m+1(d, e) = 1KN −
1
Q012,m
(
[φ0
A,m(d, e)]
−1ψ01,m(d, e)
)
⊗ (H02,A,m),
whih gives
detφ0
A,m+1(d, e)
detφ0
A,m(d, e)
= 1−
1
Q012,m
H02,A,m[φ
0
A,m(d, e)]
−1ψ01,m(d, e). (25)
Comparing equation (25) with equation (19) and taking into aount equation (12)
we obtain
detφ0
A,m+1(d, e)
detφ0
A,m(d, e)
=
τm+1/τ
0
m+1
τm/τ 0m
, (26)
whih, together with equation (24), onludes the proof.
Corollary 11. Notie that equation (22) is valid up to a (nonessential) hange of the
initial value of the τ -funtion, whih is due to introdution of the integration onstant
from formulas (24) and (26).
Corollary 12. Starting with K-valued funtion τ 0m and the loal parameters tα at cα
hosen in a onsistent way with the ation of the Galois group G(K/K) on C
K
we
obtain K-valued funtion τm.
4 Multisoliton solutions
We present here expliit formulas for the vauum funtions in the simplest ase g =
0. Then with the help of these expressions we present some examples of N-soliton
solutions. In onstruting the vauum funtions we will use the standard parameter
t on the projetive line P(K) and we put h∞ = ∞.
Expliit forms of the wave funtions read
ψ01,m =
1
(t− b1)n1+1+m
(t− a1)
n1(t− a2)
n2(b1 − b2)
n2−m
(b1 − a1)n1(b1 − a2)n2(t− b2)n2−m
,
ψ02,m =
1
(t− b2)n2+1−m
(b2 − b1)
n1+m(t− a1)
n1(t− a2)
n2
(t− b1)n1+m(b2 − a1)n1(b2 − a2)n2
,
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whih gives formulas for the funtions Q012,m and Q
0
21,m
Q012,m =
(−1)n2−m
(b2 − b1)n1−n2+1+2m
(b2 − a1)
n1(b2 − a2)
n2
(b1 − a1)n1(b1 − a2)n2
,
Q021,m =
(−1)n1+m
(b1 − b2)n2−n1+1−2m
(b1 − a1)
n1(b1 − a2)
n2
(b2 − a1)n1(b2 − a2)n2
,
and for the funtions ρ1,m and ρ2,m
ρ01,m =
(−1)n1
(a1 − b1)2n1+1+m
(a1 − a2)
n2(b1 − b2)
n2−m
(b1 − a2)n2(a1 − b2)n2−m
,
ρ02,m =
(−1)n2
(a2 − b2)2n2+1−m
(b2 − b1)
n1+m(a2 − a1)
n1
(a2 − b1)n1+m(b2 − a1)n1
.
Expliit form of the vauum τ -funtion reads
τ 0m =
(−1)[n1(n1−1)+n2(n2−1)+m(m+1)]/2
(a1 − b1)n1(n1+m)(a2 − b2)n2(n2−m)
(a1 − a2)
n1n2(b1 − b2)
(n2−m)(m+n1)
(b1 − a2)n2(n1+m)(a1 − b2)n1(n2−m)
.
The funtions φ0α,m, α = 1, . . . , N have the form
φ0α,m =
1
t− cα
(t− a1)
n1(t− a2)
n2(cα − b1)
n1+m(cα − b2)
n2−m
(cα − a1)n1(cα − a2)n2(t− b1)n1+m(t− b2)n2−m
,
and an be used, due to Proposition 10, to onstrut the τ -funtion for arbitrary N .
Let L = Fqℓ ⊂ K be a eld of rationality of all the points used in the onstrution.
Reall [23℄ that if q = pk then the Galois group G(L/K) is the yli group of order
ℓ and is generated by σkF , where σF is the Frobenius automorphism of L dened as
σF (a) = a
p
. Therefore possible systems of points cα and pairs {dβ, eβ} an be grouped
into K-rational lusters (orbits of the group G(L/K)) of the lengths being divisors
of ℓ. In the standard nomenlature the lusters of length one orrespond to solitons,
and lusters of length two give rise to breathers (the position of poles cα of the wave
funtions must be symmetri with respet to the omplex onjugation). In nite elds
we enounter new types of solutions (without diret analogs in the omplex eld ase)
whih ome from lusters of lengths greater then two. The analog of the breather
solution will be presented in Example 1. Let us all the N-soliton solution of order
ℓ the K-rational N-soliton solution with parameters in extension of K of order ℓ. In
this terminology the standard N-soliton solutions are of order one, while the breather
solution is a 2-soliton solution of order two. A 3-soliton solution of order three and a
2-soliton solution of order four are presented in Examples 2 and 3. We remark that
the above terminology is not ompletely distintive.
Notie that the variables n1, n2 and m enter exponentially in the funtions τ
0
m and
φ0α,m This implies that the τ -funtion is periodi in n1, n2 and m with the periods
being divisors of qℓ − 1, whih is the order of the yli multipliative group L∗.
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Finally, we present the examples. For any example we desribe the elds K and
L giving rst the numbers q = pk and ℓ and then writing down the polynomial w(x)
over Fp used to onstrut multipliation in the eld L. We represent elements of L
as elements of the vetor spae F
kl
p . Then we give the points used in the onstrution
of the solution of the Hirota equation presenting also the ation of the Galois group
G(L/K) on them.
Example 1. A breather solution of the Hirota equation in F5. Parameters of the
solution take values in extension F52 of F5 by the polynomial w(x) = x
2 + x + 1.
The orresponding Galois group reads G(F52/F5) = {id, σ}, where σ
2 = id. The
parameters of the solution are hosen as follows
a1 = (00), a2 = (02), b1 = (01), b2 = (04)
c1 = (10), c2 = σ(c1) = (44),
d1 = (11), d2 = σ(d1) = (40),
e1 = (13), e2 = σ(e1) = (42).
This solution is presented in Figures 1 and 2. The elements of F5 are represented
by:  (00),  (01),  (02),  (03),  (04).
The periods in variables n1, n2 and m are 12, 24 and 24, orrespondingly. Notie
that gure for m = 5 an be obtained from the gure for m = 1 by a shift in n2 by
four.
Example 2. A 3-soliton solution of order 3 of the Hirota equation in F5. This
solution is the rst one in the generalized breather lass, a new type not present in
the standard omplex eld ase. Parameters of the solution take values in extension
F53 of F5 by the polynomial w(x) = x
3 + x2 + 1. The orresponding Galois group
reads G(F53/F5) = {id, σ, σ
2}, where σ3 = id. The parameters of the solution are
hosen as follows:
a1 = (004), a2 = (003), b1 = (002), b2 = (001)
c1 = (022), c2 = σ(c1) = (120), c3 = σ
2(c1) = (412),
d1 = (020), d2 = σ(d1) = (123), d3 = σ
2(d1) = (410),
e1 = (010), e2 = σ(e1) = (314), e3 = σ
2(e1) = (230).
This solution is presented in Figures 3 and 4. The elements of F5 are represented
like in Example 1. From the gures one an dedue that the periods in all variables
n1, n2 and m are maximal and equal to 124.
Example 3. The goal of this example is to present a solution in a "small" eld F4
obtained from parameters taking values in a relatively bigger eld F256. The eld
F256 is hosen as extension of F2 by the polynomial w(x) = x
8 + x6 + x5 + x + 1.
The elements (00000000), (00000001), (11110000) and (11110001) of F256 = F28 form
a subeld isomorphi to F4. The Galois group is generated by σ = σ
2
F , and reads
G(F256/F4) = {id, σ, σ
2, σ3}, where σ4 = id. The parameters of the solution are as
follows:
a1 = (00000000), a2 = (00000001), b1 = (11110000), b2 = (11110001)
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Figure 1: A breather solution of the Hirota equation in F5 desribed in Example 1;
n1 range from 0 to 28 (direted to the right), n2 range from 0 to 28 (direted up),
m = 1.
Figure 2: A breather solution as in Figure 1 for m = 2 and m = 5.
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Figure 3: A breather of order 3 solution of the Hirota equation in F5 desribed in
Example 2; n1 range from 0 to 8 (direted to the right), n2 range from 0 to 8 (direted
up), m = 0, 4 and 62.
c1 = (00010010), c2 = σ(c1) = (11100011),
d1 = (00001010), d2 = σ(d1) = (00001001),
e1 = σ
2(d1) = (00011000), e2 = σ
3(d1) = (11101010).
Here the points c1 and c2 are hosen from a subeld of F256 isomorphi to F16 and
form a luster of length two. The points c1, c2, d1 and d2 form a luster of length
four in a way ompatible with the F4-rationality ondition (2). We obtain therefore a
2-soliton solution of order four, whih also has no diret ounterpart in the omplex
eld ase.
The solution is presented in Figure 5 form = 0; The elements of F4 are represented
by:  (00000000),  (00000001),  (11110000),  (11110001). The period
in all variables is the same and equals 51.
5 Conlusion and remarks
In the paper, motivated by reent developments of integrable disrete geometry, we
presented algebro-geometri method of onstrution of solutions of the Hirota equa-
tion over nite elds. It turns out that the main ideas used for integrable systems
over the eld of omplex numbers, e.g., appliation of the Riemann-Roh theorem,
an be transferred to the level of nite elds without essential modiations. We
would like to stress that although nite elds onsist of nite number of elements the
orresponding algebrai urves have innite number of points (taking into aount
the algebrai ompletion of the eld) whih gives rise to innite families of solutions
of the equation.
We have presented examples of pure (for the simplest algebrai urve being the
projetive line) multisoliton solutions of the Hirota equation. Less trivial examples
whih use tehniques on Jaobians of algebrai urves will be the subjet of another
paper [4℄.
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Figure 4: A "global" view of the rst piture (m = 0) of the generalized breather
solution presented in Figure 3; n1 and n2 range from 0 to 129.
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Figure 5: A 2-soliton solution of order four of the Hirota equation in F4; n1 and n2
range from 0 to 59, m = 0.
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